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Abstract. We review the salient properties of subelliptic harmonic maps and morphisms,
both from a domain in N endowed with a Ho¨rmander system and from a strictly pseudoconvex
CR manifold. We also report on several generalizations of harmonic morphisms such as heat
equation morphisms from a CR manifold and b-harmonic morphisms. We discuss subelliptic
harmonic vector ﬁelds within pseudohermitian geometry.
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1 Subelliptic harmonic maps
It is our purpose in this section to recall the notion of a subelliptic harmonic
map as introduced by J. Jost & C-J. Xu, [22], as well as their main existence and
regularity results for weak solutions to the subelliptic harmonic maps system.
Let U ⊆  N be an open subset and X = {X1, · · · ,Xm} ∈ X∞(U) a system
of smooth vector ﬁelds. We call X a Ho¨rmander system if the vector ﬁelds Xj
together with their commutators of length ≤ r span Tx( N ) at each x ∈ U .
Here a commutator of the form [Xi,Xj ] has length 2 and by convention each
Xj has length 1. Let X = {X1, · · · ,Xm} be a Ho¨rmander system on U and
let us set Xj = bAj (x) ∂/∂x
A for some bAj ∈ C∞(U) where (x1, · · · xN ) are the
natural coordinates on  N . Let X∗j be the formal adjoint of Xj i.e.
X∗j f ≡ −
∂
∂xA
(
bAj (x)f
)
= −Xjf + ϕjf, f ∈ C10 (U).
Next let us consider the Ho¨rmander operator (often referred loosely as a sum of
squares of vector ﬁelds)
Hu ≡ −
m∑
j=1
X∗jXju =
m∑
j=1
X2j u+X0u, (1)
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where X0 = −
∑m
j=1 ϕjXj . It may be written as
Hu =
N∑
A,B=1
∂
∂xA
(
aAB(x)
∂u
∂xB
)
,
where aAB(x) =
∑m
j=1 b
A
j (x)b
B
j (x) (a positive semi-deﬁnite matrix) hence H is
a degenerate elliptic (in the sense of J.M. Bony, [7]) second order diﬀerential
operator. Nevertheless, by a result of L. Ho¨rmander, [19], H is hypoelliptic i.e.
if Hu = f in distributional sense and f is C∞ smooth then u is C∞ smooth, as
well. Hypoellipticity is the main property enjoyed both by H and the ordinary
Laplacian on  N , and pleading for the similarity among Ho¨rmander sums of
squares of vector ﬁelds and elliptic operators. In an attempt to generalize known
results on nonlinear elliptic systems (such as the harmonic maps system) of
variational origin to the hypoelliptic setting J. Jost & C-J. Xu, [22], introduced
the following notion. Let U ⊆  N be an open set and Ω a domain such that
Ω ⊂ U . Let X = {X1, · · · ,Xm} be a Ho¨rmander system on U and φ : Ω → N
a C∞ map from Ω into a Riemannian manifold N . We say φ is a subelliptic
harmonic map if
(HNφ)α ≡ Hφα +
m∑
j=1
(
Γαβγ ◦ φ
)
Xj(φβ)Xj(φγ) = 0, (2)
on U ≡ φ−1(V ) for any local coordinate system (V, y1, · · · , yν) on N . Here
φα = yα ◦ φ. Also (2) is referred to as the subelliptic harmonic map system.
A word on the adopted terminology. First it should be observed that when
m = N and Xj = ∂/∂xj then H is the ordinary Laplacian ∆ =
∑N
j=1 ∂
2/∂x2j
and a subelliptic harmonic map is nothing but a harmonic map (cf. e.g. J. Jost,
[21], p. 4). As to the label ”subelliptic”, it is motivated by the fact that for any
x ∈ U there is an open subset O ⊆ U such that x ∈ O and
‖u‖21/2 ≤ C
(|(Hu, u)| + ‖u‖2) , u ∈ C∞0 (O),
i.e. H is subelliptic of order  = 1/2 (and subelliptic operators are known to be
hypoelliptic, [19]). Here ‖ · ‖ denotes the Sobolev norm of order 
‖u‖ =
(∫
(1 + |ξ|2)|uˆ(ξ)|2
)1/2
,
cf. e.g. [27], p. 217. See G.B. Folland, [16], for the general notion of a subelliptic
operator, the a priori estimates satisﬁed by such operators, and a basic example
of subelliptic operator on a Heisenberg group (the sublaplacian, an object on
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which we shall come back later on in the context of CR geometry). It may
be shown that HNφ = 0 are the Euler-Lagrange equations of the variational
principle δE(φ) = 0 where
E(φ) =
1
2
∫
Ω
m∑
j=1
Xj(φα)Xj(φβ) (hαβ ◦ φ) dx.
In the spirit of variational calculus one needs appropriate function spaces where
one may look for weak solutions to (2). Let us consider the Sobolev-type spaces
W 1,pX (Ω) ≡ {u ∈ Lp(Ω) : Xju ∈ Lp(Ω), 1 ≤ j ≤ m},
where Xju is meant in distributional sense. By a result of C-J. Xu, [30], if
1 ≤ p <∞ then W 1,pX (Ω) is a separable Banach space with the norm
‖u‖W 1,pX (Ω) =
⎛⎝‖u‖pLp(Ω) + m∑
j=1
‖Xju‖pLp(Ω)
⎞⎠1/p . (3)
Also if 1 < p <∞ then W 1,pX (Ω) is reﬂexive and W 1,2X (Ω) is a separable Hilbert
space. For further use we let W 1,20 (Ω) be the completion of C
∞
0 (Ω) with respect
to the norm (3). Although the system (2) is nonlinear an appropriate notion
of weak solution does exist. Indeed let us assume that N is covered by a single
coordinate neighborhood χ = (y1, · · · , yν) : N →  ν and deﬁne
W 1,2X (Ω, N) ≡ {φ : Ω→ N : φα = yα ◦ φ ∈W 1,2X (Ω), 1 ≤ α ≤ ν}.
Then φ : Ω → N is said to be a weak solution to HNφ = 0 if φ ∈ W 1,2X (Ω, N)
and
m∑
j=1
∫
Ω
{Xj(φα)Xj(ϕ) −
(
Γαβγ ◦ φ
)
Xj(φβ)Xj(φγ)ϕ}dx = 0
for any ϕ ∈ C∞0 (Ω). Given f ∈ C0(∂Ω, N) J. Jost & C-J. Xu, [22], considered
the following Dirichlet problem for the subelliptic harmonic maps system
HNφ = 0 in Ω, φ = f on ∂Ω.
The main result in [22] may be stated as follows. Let us assume that 1) N
is a complete ν-dimensional (ν ≥ 2) Riemannian manifold without boundary
(∂N = ∅) covered by a single coordinate neighborhood and Sect(N) ≤ κ2 for
some κ > 0, where Sect(N) is the sectional curvature of N . Also 2) let p ∈ N be a
point and 0 < µ < min{π(2κ), i(p)} where i(p) denotes the injectivity radius at
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p. Finally 3) we consider f ∈ C0(Ω, N)∩W 1,2X (Ω, N) such that f(Ω) ⊂ B(p, µ).
Then there is a unique φf ∈W 1,2X (Ω, N) ∩ L∞(Ω, N) such that
φαf − fα ∈W 1,20 (Ω), 1 ≤ α ≤ ν, φf (Ω) ⊂ B(p, µ),
and φf minimizes E(φ) among all such maps. Also φf is a weak solution to
HNφ = 0 and φf ∈ C0(Ω, N). Cf. S. Hildebrand et al., [17], [18], for the results
on harmonic maps brought here to the realm of Ho¨rmander systems of vector
ﬁelds.
Higher regularity of continuous solutions to a class of quasilinear subelliptic
systems including (2) has been studied by C-J. Xu & C. Zuily, [31]. To recall
their result let X = {X1, · · · ,Xm} be a Ho¨rmander system on U ⊆  N , N ≥ 2,
U ⊃ Ω, and let aij(x, y) be symmetric and positive deﬁnite. If
|f(x, y, p)| ≤ a|p|2 + b, (x, y, p) ∈ Ω×  ν ×  mν ,
then any C0 solution φ = (φ1, · · · , φν) to
m∑
i,j=1
X∗j
(
aij(x, φ(x))Xiφα(x)
)
= fα(x, φ(x),Xφ(x)) in Ω
is actually C∞ smooth. As a corollary to J. Jost & C-J. Xu and C-J. Xu &
C. Zuily’s results the solution φf : Ω → N to the Dirichlet problem for the
subelliptic harmonic map system is smooth, thus settling the question of the
existence of subelliptic harmonic maps.
It is the proper place to give a both fundamental and classical example of
a Ho¨rmander system of vector ﬁelds, appearing on the Heisenberg group. Let
us set n ≡ n ×   and let us endow n with the group law (z, t) ◦ (w, s) ≡
(z+w, t+s+2Im(z ·w)) so that (n, ◦) becomes a Lie group. Next we consider
the Lewy operators
Zj =
∂
∂zj
+ izj
∂
∂t
, 1 ≤ j ≤ n,
and set
Xj =
1√
2
(Zj + Zj), Xn+j =
i√
2
(Zj − Zj).
Then {Xa : 1 ≤ a ≤ 2n} is a Ho¨rmander system on  2n+1 and each Xa is left
invariant. To give a geometric interpretation we may consider the Siegel domain
Dn = {z = (z′, zn) ∈ n−1 ×  : ρ(z) ≡ Im(zn)− |z′|2 > 0}
and observe that the mapping F : n−1 → ∂Dn given by F (z, t) = (z, t− i|z′|2),
is a C∞ diﬀeomorphism. As we shall emphasize later on the Lewy operators
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span a left invariant CR structure on n−1. On the other hand the boundary
∂Dn of the Siegel domain is a smooth orientable real hypersurface in n so that
it carries a CR structure naturally induced by the complex structure of n.
Then F becomes a CR isomorphism.
Subelliptic harmonic maps may be looked at as boundary values of harmonic
maps. Let us endow the Siegel domain Dn ⊂ n (n ≥ 2) with the Bergman
metric i.e. the Ka¨hler metric g whose Ka¨hler 2-form is i2∂∂(1/ρ)). By a result M.
Soret et al., [15], if φ : Dn → N is a Bergman-harmonic map into a Riemannian
manifold N such that φ ∈ C∞(Dn, N) and the boundary values f : ∂Dn → N ,
f ≡ φ|∂D, have a vanishing normal derivative Nρfα = 0 (with Nρ = JT and T
the characteristic direction of i2(∂− ∂)ρ) then f ◦F : n−1 → N is a subelliptic
harmonic map. A similar result holds for Bergman-harmonic maps φ : Ω → N
from an arbitrary smoothly bounded strictly pseudoconvex domain Ω ⊂ n into
a Riemannian manifold (cf. Y. Kamishima et al., [13]).
2 Subelliptic harmonic morphisms
A map φ : Ω → N is said to be a subelliptic harmonic morphism if φ ∈
C0(Ω, N) and for any local harmonic function v : V →   (V ⊆ N open and
∆Nv = 0 in V ) one has H(v ◦ φ) = 0 in φ−1(V ) in distributional sense. The
notion is due to E. Barletta, [2]. As H is hypoelliptic and for any p ∈ N there is a
local coordinate system whose coordinate functions are harmonic any subelliptic
harmonic morphism is C∞ smooth.
We need to recall (cf. e.g. A. Bonﬁglioli et al., [6]) that a second order partial
diﬀerential operator L ≡∑pj=1 X2j is said to be a real sublaplacian on  n if 1)
there is a group structure ◦ on  n making 	 = ( n, ◦) into a Lie group such that
each Xj is a ﬁrst order diﬀerential operator with smooth real valued coeﬃcients
and Xj is left invariant, 2) the Lie algebra g of 	 is stratiﬁed and nilpotent i.e.
there is an integer r ≥ 1 and there are linear subspaces Vj ⊂ g, 1 ≤ i ≤ r,
such that g admits the decomposition g = V1 ⊕ · · · ⊕ Vr and i) [V1, Vj ] = Vj+1,
1 ≤ j ≤ r− 1, ii) [Vj , Vr] = 0, 1 ≤ j ≤ r, and {X1, · · · ,Xp} is a basis of V1 (as a
real linear space). 	 is a Carnot group and the smallest integer r ≥ 1 as above
is its step. If mj = dim  Vj then Q =
∑r
j=1 jmj is the homogeneous dimension
of 	.
Let N be a Riemannian manifold. We say that N has the Liouville prop-
erty if any harmonic function f : N → [0,+∞) is constant. For instance any
closed (i.e. compact, without boundary) Riemannian manifold has the Liouville
property (as an elementary consequence of the Hopf maximum principle). Also
if N is a complete Riemannian manifold of nonnegative Ricci curvature then
any bounded harmonic function on N is a constant (cf. S-T. Yau, [32]). An
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extension of the Liouville property to the case of the Ho¨rmander operator on
the Heisenberg group was proved by A. Kora´nyi & N.K. Stanton, [24].
Next we need to recall the following Harnack-type inequality (due to A.
Bonﬁglioli & E. Lanconelli, [5]). For any p ∈ (Q/2,+∞] there exist constants
C > 0 and θ > 0 (depending only on L and p) such that
sup
|x|≤r
u(x) ≤ C
{
inf
|x|≤r
u(x) + r2−Q/p‖Lu‖Lp(D(0,θr))
}
(4)
for any C2 function u :  n → [0,+∞) and any r > 0. Here D(x, r) = {y ∈
 
n : |x−1 ◦ y| ≤ r}. The inequality (4) is the main ingredient in the proof of
the following result (due to E. Lanconelli et al., [14]). Let N be a Riemannian
manifold. If there is a surjective L-harmonic morphism from a Carnot group
into N then N has the Liouville property.
3 Subelliptic harmonic maps in CR geometry
Let (M,T1,0(M)) be a real (2n + 1)-dimensional CR manifold of CR di-
mension n i.e. T1,0(M) ⊂ T (M) ⊗  is a complex subbundle of complex rank
n such that i) T1,0(M) ∩ T0,1(M) = (0) where T0,1(M) ≡ T1,0(M) and ii) if
Z,W ∈ Γ∞(T1,0(M)) then [Z,W ] ∈ Γ∞(T1,0(M)). For instance each real hy-
persurface M ⊂ n is a CR manifold of CR dimension n − 1 with the CR
structure T1,0(M) = T 1,0(n) ∩ [T (M) ⊗ ] where T 1,0(n) is the holomorphic
tangent bundle over n i.e. the span of {∂/∂zj : 1 ≤ j ≤ n}. Cf. e.g. G.
Tomassini et al., [12]. The Heisenberg group n is a CR manifold with the CR
structure T1,0(n)x =
∑n
j=1 Zj,x, x ∈ n. The natural C∞ diﬀeomorphism
F : n−1 → ∂Dn is a CR isomorphism i.e.
(dxF )T1,0(n−1)x = T1,0(∂Dn)F (x), x ∈ n−1.
Let us brieﬂy recall a few notions of pseudohermitian and contact geometry. The
real rank 2n subbundle H(M) ≡ Re{T1,0(M)⊕ T0,1(M)} of the tangent bundle
is the Levi distribution. The Levi distribution carries the complex structure
J : H(M) → H(M) given by J(Z + Z) = i(Z − Z) for any Z ∈ T1,0(M). Let
H(M)⊥ ≡ {ω ∈ T ∗(M) : Ker(ω) ⊇ H(M)} be the conormal bundle associated
to H(M). A pseudohermitian structure is a globally deﬁned nowhere zero section
θ ∈ Γ∞(H(M)⊥). A pseudohermitian structure is a contact form if θ ∧ (dθ)n is
a volume form. The Levi form is
Lθ(Z,W ) = −i(dθ)(Z,W ), Z,W ∈ T1,0(M).
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A CR manifold (M,T1,0(M)) is nondegenerate if Lθ is nondegenerate for some
θ. If (M,T1,0(M)) is nondegenerate then any pseudohermitian structure on M
is a contact form.
Let (M,T1,0(M)) be an oriented nondegenerate CR manifold and θ a contact
form on M . Let T ∈ X(M) such that θ(T ) = 1 and T  dθ = 0 (the characteristic
direction of dθ). Let gθ be the semi-Riemannian metric determined by
gθ(X,T ) = 0, gθ(T, T ) = 1,
gθ(X,Y ) = (dθ)(X,JY ), X, Y ∈ H(M),
(the Webster metric of (M,θ)). There is a unique linear connection ∇ (the
Tanaka-Webster connection of (M,θ)) such that i) H(M) is parallel with respect
to ∇, ii) ∇gθ = 0, ∇J = 0, iii) T∇(Z,W ) = 0, T∇(Z,W ) = 2iLθ(Z,W )T , for
any Z,W ∈ T1,0(M).
We may use the Tanaka-Webster connection to relate the nondegeneracy of
the given CR manifold to Ho¨rmander’s bracket generating property in section
1. Let M be a CR manifold. Let {Xa : 1 ≤ a ≤ 2n} be a local frame of the
Levi distribution H(M), deﬁned on the domain U ⊆ M of a local chart (U,χ)
with χ = (x1, · · · , x2n+1) : U →  2n+1, with Xj+n = JXj for 1 ≤ j ≤ n. If
M is nondegenerate then {(dχ)Xa : 1 ≤ a ≤ 2n} is a Ho¨rmander system on
χ(U). Indeed let us set Tj ≡ Xj − JXj ∈ T1,0(M) for any 1 ≤ j ≤ n. Let θ be
a contact form on M and ∇ the corresponding Tanaka-Webster connection. By
the torsion property (iii) of ∇
∇TjT k −∇TkTj − 2igjkT = [Tj , T k]
where gjk = Lθ(Tj , T k). Also we set ∇TjT k = ΓjkT so that
Γ
jk
T − ΓkjT − 2igjkT = [Tj, T k]. (5)
As {Tj , T k, T} span T (M)⊗  over U it follows (as a consequence of (5)) that
{Tj , T k, [Tj , T k]} span T (M)⊗ over U as well. Therefore {Xa, [Xa,Xb]} span
T (M) over U .
Let us recall that a CR manifold (M,T1,0(M)) is strictly pseudoconvex if Lθ
is positive deﬁnite for some θ. Let (M,T1,0(M)) be a strictly pseudoconvex CR
manifold and θ a contact form with Lθ positive deﬁnite. The sublaplacian is
the operator ∆b given by ∆bu ≡ div
(∇Hu) for any u ∈ C2(M). The divergence
operator is given by LXΨ = div(X)Ψ where Ψ is the volume form Ψ ≡ θ∧(dθ)n
and L denotes the Lie derivative. Also ∇Hu ≡ πH∇u is the horizontal gradient
(and gθ(∇u,X) = X(u) for any X ∈ X(M)) while πH : T (M) = H(M) ⊕
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 T → H(M) is the natural projection associated to the decomposition T (M) =
H(M)⊕  T .
The sublaplacian ∆b is a formally self-adjoint second order partial diﬀerential
operator. Also ∆b is subelliptic of order  = 1/2. If {Xa : 1 ≤ a ≤ 2n} is a local
orthonormal (gθ(Xa,Xb) = δab) frame of H(M) with Xn+j = JXj , 1 ≤ j ≤ n,
then
∆b = H ≡ −
2n∑
a=1
X∗aXa . (6)
At this point we should recall the following result of E. Barletta et al., [1]. Let
(M,T1,0(M)) be a compact strictly pseudoconvex CR manifold and let θ be a
contact form on M such that the corresponding Levi form Lθ is positive deﬁnite.
Let Fθ be the Feﬀerman metric associated to θ (cf. Deﬁnition 2.15 in [12], p.
128). This is a Lorentzian metric on C(M), the total space of the canonical
circle bundle S1 → C(M) π−→ M (cf. Deﬁnition 2.8 in [12], p. 119), such that
the restricted conformal class [Fθ] = {eu◦πFθ : u ∈ C∞(M)} is a CR invariant.
Let φ : M → N be a smooth map into a Riemannian manifold (N,h). By a
result in [1] the following assertions are equivalent
i) Φ ≡ φ ◦ π : (C(M), Fθ)→ N is a harmonic map.
ii) φ : M → N is a critical point of
E(φ) =
1
2
∫
M
tracegθ (πHφ
∗h)Ψ.
iii) φ : M → N satisﬁes
∆bφα +
2n∑
a=1
(
Γαβγ ◦ φ
)
Xa(φβ)Xa(φγ) = 0
for any local coordinate systems (U, xA) on M and (V, yα) on N such that
U = φ−1(V ). A smooth map φ : M → N satisfying one of the equivalent
statements (i)-(iii) is called a pseudoharmonic map. As ∆b = H this is of course
formally similar to the notion of a subelliptic harmonic map. It should be noted
however that the two notions are quantitatively distinct (the formal adjoint of
Xa in (1) is meant with respect to the Lebesgue measure on  N while formal
adjoints in (6) are with respect to the volume form Ψ = θ ∧ (dθ)n).
A study of the geometry of CR orbifolds has been started by J. Masamune
at al, [9]. Cf. also E. Barletta et al., [4]. The problem of studying subelliptic
harmonic maps from a CR orbifold into a Riemnannian manifold (by analogy
to the work of Y-J. Chiang, [8], in Riemannian geometry) is open.
The notion of a subelliptic harmonic morphism may be recast within CR
geometry as follows. A smooth map φ : M → N from a strictly pseudoconvex
____________________________________________________________________________
Subelliptic harmonic maps 139
CR manifold M into a Riemannian manifold N is a pseudoharmonic morphism
if for any v : V ⊆ N →   such that ∆Nv = 0 in V and φ−1(V ) 	= ∅ then
∆b(v ◦ φ) = 0 in φ−1(V ). The contents of the Fuglede-Ishihara theorem may be
recovered (cf. E. Barletta, [3]). Indeed let M be a connected strictly pseudo-
convex CR manifold and θ a contact form with Lθ positive deﬁnite. Let N be
a ν-dimensional Riemannian manifold. Then i) any pseudoharmonic morphism
is a pseudoharmonic map and there is a C0 function λ : M → [0,+∞) (the
θ-dilation of φ) such that λ2 is C∞ and
gθ(∇Hφi,∇Hφj)x = λ(x)2δij , 1 ≤ i, j ≤ ν, (7)
for any x ∈ M and any local system of normal coordinates (V, yi) on N at x
(here φi = yi ◦ φ). Viceversa ii) any subelliptic harmonic map φ : M → N
satisfying (7) is a pseudoharmonic morphism. Moreover iii) if ν > 2n then there
are no nonconstant pseudoharmonic morphisms from M into N while if ν ≤ 2n
then for any x ∈ M such that λ(x) 	= 0 there is an open neighborhood U ⊆ M
such that φ : U → N is a submersion. Finally iv) for any pseudoharmonic
morphism φ : M → N and any f ∈ C2(N)
∆b(f ◦ φ) = λ2(∆Nf) ◦ φ (8)
where ∆N is the Laplace-Beltrami operator on N .
4 Further generalizations of harmonic morphisms
4.1 Heat equation morphisms
The heat equation on M is(
∂
∂t
−∆b
)
u(x, t) = 0, x ∈M, t > 0, (9)
where ∆b is the sublaplacian associated to θ. A smooth map Ψ : M×(0,+∞)→
N × (0,+∞) is a heat equation morphism if for any open set V ⊆ N and any
solution f : V × (0,+∞)→   to ∂f/∂t−∆Nf = 0 it follows that u = f ◦Ψ is a
solution to (9). Extending work by E. Loubeau, [25], in Riemannian geometry
one has the following result (cf. E. Lanconelli et al., [14]). Let M be a strictly
pseudoconvex CR manifold and θ a contact form on M with Lθ positive deﬁnite.
Let N be a Riemannian manifold. Let Ψ : M × (0,+∞) → N × (0,+∞) be a
smooth map of the form Ψ(x, t) = (φ(x), h(t)), x ∈M , t > 0. Then Ψ is a heat
equation morphism if and only if φ : M → N is a pseudoharmonic morphism of
constant θ-dilation λ and h(t) = λ2t+ C for some C ∈  .
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Let pt(x) be the fundamental solution to the heat equation on the Heisenberg
group i.e. u(x, t) = (pt ∗ f)(x) solves(
∂
∂t
−H
)
u(x, t) = 0, u(x, 0) = f(x), x ∈ n,
for f ∈ L∞(n). The fundamental solution pt(x) was explicitly computed (cf.
A. Hulanicki, [20]) as
pˆt(α+ iβ, s) = (cosh 2ts)
−n/2×
× exp
{
(2s cosh 2ts)−1
[
−1
2
(|α|2 + |β|2) cosh 2ts+ i(α · β)(sinh ts)2
]}
for any (α+ iβ, s) ∈ n, where a hat denotes the Fourier transform.
Let pN : N ×N × (0,+∞)→   be a heat kernel of a connected Riemannian
manifold (N,h) i.e. pN ∈ C0, u(x, y, t) is C2 in y, C1 in t, and(
∂
∂t
−∆N,y
)
pN = 0,
lim
t→0+
∫
N
pN (x, y, t)ϕ(y) d volh(y) = ϕ(x), x ∈ N,
for any bounded C0 function ϕ on N . A heat kernel always exists and if N is
compact it is also unique.
A heat kernel morphism is a C∞ map Φ : n × n × (0,+∞) → N × N ×
(0,+∞) such that p = pN ◦Φ where p(x, y, t) = pt(xy−1). Again building on the
analogy to Riemannian geometry (cf. E. Loubeau, [25]) one has (cf. E. Lanconelli
et al., [14]) the following result. Let Φ : n×n× (0,+∞)→ N ×N × (0,+∞)
be a heat kernel morphism of the form Φ(x, y, t) = (φ(x), φ(y), h(t)) for some
surjective C∞ map φ : n → N and some C∞ function h(t) > 0 for t > 0. Then
Ψ(x, t) = (φ(x), h(t)) is a heat equation morphism.
4.2 b-harmonic morphisms
LetM be a compact nondegenerate CRmanifold, θ a contact form onM , and
T the characteristic direction of dθ. A (0, q)-form on M is a -valued diﬀerential
q-form ω such that T ⊕ T1,0(M) ω = 0. Let Λ0,q(M) → M be the bundle of
all (0, q)-forms and let us set Ω0,q(M) ≡ Γ∞(Λ0,q(M)). Let
∂b : Ω0,q(M)→ Ω0,q+1(M), q ≥ 0,
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be the tangential Cauchy-Riemann operator i.e. if ω ∈ Ω0,q(M) then ∂bω is the
(0, q+1)-form on M coinciding with dω on T0,1(M)⊗· · ·⊗T0,1(M) (q+1 terms).
Then
C∞(M)⊗  ∂b−→ Ω0,1(M) ∂b−→ · · · ∂b−→ Ω0,n(M)
is a cochain complex (the tangential Cauchy-Riemann complex of M). Let
H0,q(M) = Hq(Ω0,•(M), ∂b) =
Ker{∂b : Ω0,q(M)→ ·}
∂bΩ0,q−1(M)
, q ≥ 1,
be the cohomology of the tangential Cauchy-Riemann complex (the Kohn-Rossi
cohomology of M). Let ∂∗b be the formal adjoint of ∂b with respect to the L2
inner product
(α, β) =
∫
M
G∗θ(α, β) θ ∧ (dθ)n, α, β ∈ Ω0,q(M),
that is
(∂∗bψ,ϕ) = (ψ, ∂bϕ), ϕ ∈ Ω0,q(M), ψ ∈ Ω0,q+1(M).
Next let us consider the Kohn-Rossi laplacian
bϕ =
(
∂
∗
b∂b + ∂b∂
∗
b
)
ϕ , ϕ ∈ Ω0,q(M),
and set H0,q(M) = Ker{b : Ω0,q(M)→ ·}, the space of all b-harmonic (0, q)-
forms on M .
Let M and N be two CR manifolds with contact forms θ and θN . A pseu-
dohermitian map is i) a smooth CR map φ : M → N i.e.
(dxφ)T1,0(M)x ⊆ T1,0(N)φ(x), x ∈M,
such that ii) φ∗θN = cθ for some c ∈   \ {0}. Given a pseudohermitian map φ :
M → N of nondegenerate CR manifolds it may be easily shown that φ∗∂Nb ϕ =
∂b(φ∗ϕ) for any ϕ ∈ Ω0,q(N) hence φ induces a linear map φ∗ : H0,q(N) →
H0,q(M), q ≥ 1.
A smooth map φ : M → N is said to be a b-harmonic morphism if the
pullback by φ of any local Nb -harmonic function on N is a local b-harmonic
function on M . We may state (cf. E. Lanconelli et al., [14]) the following result.
Let φ : M → N be a pseudohermitian map of a compact strictly pseudoconvex
CR manifold M into a compact strictly pseudoconvex real hypersurface N ⊂

M . Let φ∗ : H0,1(N)→ H0,1(M) the induced map on Kohn-Rossi cohomology.
If φ is a submersive b-harmonic morphism then φ∗ is injective. The proof relies
on the Poincare´ lemma for the ∂Nb -complex (cf. M. Nacinovich, [26]) and J.J.
Kohn’s Hodge-de Rham theory for the ∂b-complex (cf. [23]).
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4.3 CR-pluriharmonic morphisms
A C1 function u : M →   is CR-pluriharmonic if for any x ∈ M there is
an open neighborhood U of x in M and a C1 function v : U →   such that
∂b(u + iv) = 0 in U i.e. u + iv is a CR function. CR functions may be thought
of as boundary values of holomorphic functions. Therefore CR-pluriharmonic
functions may be thought of as boundary values of pluriharmonic functions. On
the other hand pluriharmonic functions are several complex variables analogs
of harmonic functions. One is led to the following natural generalization of the
notion of a harmonic morphism.
A function f ∈ L1loc(n) is a weak solution to the tangential Cauchy-
Riemann equations ∂bf = 0 (a weak CR function) if∫
n
f(x)(Zjϕ)(x) dx = 0, 1 ≤ j ≤ n,
for any ϕ ∈ C∞0 (n). A weak CR-pluriharmonic function is locally the real part
of a weak CR function.
Let N be a CR manifold. Let PM(N) be the class of all C0 maps φ : U ⊆
n → N (with U open) such that u◦φ is a weak CR-pluriharmonic function, for
any CR-pluriharmonic function u : V →   with V ⊆ N open and φ−1(V ) 	= ∅.
The properties of the class PM(N) are unknown as yet.
5 Subelliptic harmonic vector ﬁelds
Let M be a compact strictly pseudoconvex CR manifold and X a C2 vector
ﬁeld on M . Let ∆bX be the vector ﬁeld locally given by
(∆bX)i = ∆bXi + 2ajkΓij
∂X
∂xk
+ ajk(
∂Γij
∂xk
+ ΓsjΓ
i
ks − ΓsjkΓis)X,
with respect to a local coordinate system (U, xi) on M . Here X = Xi ∂/∂xi
for some Xi ∈ C∞(U), Γijk are the local coeﬃcients of the Tanaka-Webster
connection ∇ of (M,θ) and aij = gij − T iT j with [gij ] = [gij ]−1 and gij =
gθ(∂i , ∂j), ∂i = ∂/∂xi.
Next let U(M,θ) = {X ∈ X∞(M) : gθ(X,X) = 1} be the set of all C∞
unit vector ﬁelds on (M,gθ). By analogy to the Riemannian case (cf. R. Wieg-
mink, [28]) the pseudohermitian biegung, or total bending, is the functional
B : U(M,θ)→ [0,+∞) given by
B(X) =
1
2
∫
M
‖∇HX‖2 Ψ , X ∈ U(M,θ). (10)
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Here∇HX ∈ Γ∞(H(M)∗⊗T (M)) is the restriction of∇X toH(M). The central
notion in this section may be introduced as follows. A subelliptic harmonic vector
ﬁeld is a C∞ unit vector ﬁeld X ∈ U(M,θ) which is a critical point of B with
respect to 1-parameter variations of X through unit vector ﬁelds.
Let Sθ be the Sasaki metric on T (M) i.e.
Sθ(X,Y) = gθ(LX, LY) + gθ(KθX,KθY), (11)
for any X,Y ∈ T (T (M)). To recall the deﬁnition of the vector bundle morphisms
L and Kθ entering (11) let us consider the natural projection Π : T (M) → M
and let Π−1TM → T (M) be the pullback of T (M)→M by Π. We set
L : T (T (M))→ Π−1TM, LX = (v, (dvΠ)X),
for any X ∈ Tv(T (M)) and any v ∈ T (M). Moreover let Kθ : T (T (M)) →
Π−1TM be the Dombrowski map associated to the Tanaka-Webster connection
of (M,θ) i.e. Kθ = γ−1 ◦ΠV. Here γ : Π−1TM → V is the vertical lift i.e.
γv(v,X) =
dC
dt
(0) ∈ Tv(T (M)), (v,X) ∈ (Π−1TM)v ,
C : (−, )→ T (M), C(t) = v + tX, |t| < ,
and ΠV : T (T (M)) → V is the projection associated to the direct sum de-
composition T (T (M)) = H ⊕ V. Also V = Ker(dΠ) (the vertical distribution)
and
Hv = {V ∈ Tv(T (M)) :
(
∇ˆV˜L
)
v
= 0}, v ∈ T (M),
(the horizontal distribution). Here V˜ is a smooth extension of V to T (M) i.e.
V˜ ∈ X(T (M)) and V˜v = V and L ∈ Γ∞(Π−1TM) is the Liouville vector i.e.
L(v) = (v, v) for any v ∈ T (M). Finally ∇ˆ = Π−1∇ is the connection induced
in Π−1TM → T (M) by the Tanaka-Webster connection ∇ of (M,θ).
Let E : U(M,θ)→ [0,+∞) be the energy functional deﬁned by
E(X) =
1
2
∫
M
traceGθ (πHX
∗Sθ) Ψ, (12)
where πHX∗Sθ denotes the restriction of X∗Sθ to H(M)⊗H(M). The follow-
ing results are due to Y. Kamishima et al., [13]. Let M be a compact strictly
pseudoconvex CR manifold and θ a contact form with Lθ positive deﬁnite. Let
us set Vol(M,θ) =
∫
M Ψ. Then for any X ∈ U(M,θ)
E(X) = nVol(M,θ) +B(X). (13)
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Moreover let X : M × (−δ, δ) → T (M) be a smooth 1-parameter variation of X
through unit vector ﬁelds so that X(x, 0) = X(x) for any x ∈M . Let V be the
inﬁnitesimal variation induced by X i.e. V = (∂Xt/∂t)t=0 where Xt(x) = X(x, t)
for any x ∈M , |t| < δ. Then gθ(V,X) = 0 and
d
dt
{E(Xt)}t=0 = −
∫
M
gθ(V,∆bX)Ψ. (14)
Consequently a C∞ unit vector ﬁeld X on M is subelliptic harmonic if and only
if X is a C∞ solution to
∆bX + ‖∇HX‖2X = 0. (15)
Cf. C.M. Wood, [29], for the Riemannian counterpart of (12) and (15). As a
corollary (cf. again [13]) the characteristic direction T of dθ is a subelliptic
harmonic vector ﬁeld and an absolute minimum of the energy functional E :
U(M,θ) → [0,+∞). Moreover, for any nonempty open subset Ω ⊆ M and any
unit vector ﬁeld X on M such that X ∈ H(M) there is a sequence {Yν}ν≥1 of
unit vector ﬁelds such that each Yν coincides with X outside Ω and E(Yν)→∞
for ν →∞. In particular the energy functional E is unbounded from above.
The problem of existence and regularity of weak solutions to (15) is open.
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